In this paper, periodic motions in a periodically excited, Duffing oscillator with a time-delayed displacement are investigated through the Fourier series, and the stability and bifurcation of such periodic motions are discussed through eigenvalue analysis. The time-delayed displacement is from the feedback control of displacement. The analytical bifurcation trees of period-1 motions to chaos in the time-delayed Duffing oscillator are presented through asymmetric period-1 to period-4 motions. Stable and unstable periodic motions are illustrated through numerical and analytical solutions. From numerical illustrations, the analytical solutions of stable and unstable period-m motions are relatively accurate with A N/m < 10 −6 compared to numerical solutions. From such analytical solutions, any complicated solutions of period-m motions can be obtained for any prescribed accuracy. Because time-delay may cause discontinuity, the appropriate timedelay inputs (or initial conditions) in the initial time-delay interval should satisfy the analytical solution of periodic motions in the time-delayed dynamical systems. Otherwise, periodic motions in such a time-delayed system cannot be obtained directly.
Introduction
The Duffing oscillator is extensively used to investigate structural vibrations in engineering. In order to reduce structural vibration, the feedback control is often used. Because the feedback states in the structural vibration are introduced and such a feedback state is time-delayed, the time-delayed Duffing oscillator in structural dynamical systems is obtained, which is used to investigate structural vibrations with feedback control. In [Luo & Jin, 2014a] , complex period-1 motions of the periodically forced Duffing oscillator with a time-delayed displacement were investigated, and the complicated period-1 motions cannot be obtained from the traditional harmonic balance and perturbation methods. Herein, the period-m motions of the timedelayed Duffing oscillator will be investigated analytically in order to understand how the feedback stabilizes periodic motions in the periodically forced Duffing oscillator, and complex period-m motions will be obtained in such time-delayed Duffing oscillator. The bifurcation trees of period-m motions to chaos will be discussed to understand the global characteristics of periodic motion in such a timedelayed oscillator.
For periodic motions in dynamical systems, Lagrange [1788] used the method of averaging for the periodic motions of three-body problems.
In the 19th century, Poincaré [1899] developed the perturbation theory to determine the periodic motions of celestial bodies. van der Pol [1920] employed the method of averaging for the periodic solutions of oscillation systems in circuits. Fatou [1928] used the existing theorems of solutions of differential equations to give the first proof of asymptotic validity of the method of averaging. Krylov and Bogoliubov [1935] further developed the method of averaging. Bogoliubov and Mitropolsky [1961] presented the asymptotic perturbation methods for nonlinear oscillations. Hayashi [1964] studied the approximate periodic solutions of nonlinear oscillators, and the corresponding stability of the approximate periodic solutions were determined by the improved Mathieu equation. Nayfeh [1973] applied multiscale methods for approximate solutions of periodic motions in nonlinear structural dynamics (see also [Nayfeh & Mook, 1979] ). Coppola and Rand [1990] employed the method of averaging with elliptic functions for the approximation of limit cycle. Luo [2012] developed a methodology for analytical solutions of periodic motions in nonlinear dynamical systems. Luo and Huang [2012a] applied such a method for the analytical bifurcation trees of period-m motions to chaos in the Duffing oscillator. Huang [2012b, 2012c] investigated the analytical routes of period-1 to chaos and stable and unstable period-m motions in the Duffing oscillator. In recent years, time-delayed systems are of great interest because of extensive applications (e.g. [Tlusty, 2000; Hu & Wang, 2002] ). One tried to work on numerical methods for the corresponding complicated behaviors. The stability and bifurcation of equilibriums of the time-delayed systems were investigated (e.g. [Stepan, 1989; Sun, 2009; Insperger & Stepan, 2011] ). Periodic solutions in time-delayed dynamical systems were investigated by perturbation methods (e.g. [Hu et al., 1998; Wang & Hu, 2006] ). The harmonic balance method was also employed to determine approximate periodic solutions for delayed nonlinear oscillators (e.g. [MacDonald, 1995; Liu & Kalmar-Nagy, 2010] ), but such approximate solutions of periodic motions in the time-delayed oscillators are not accurate enough. Luo [2013] systematically proposed a methodology for periodic motions in time-delayed, nonlinear dynamical systems. Luo and Jin [2014b] used such a methodology to investigate the bifurcation tree of period-1 motion to chaos in a periodically forced, quadratic nonlinear oscillator with time-delay. To further understand the properties of periodic solutions in time-delayed nonlinear systems, the periodically forced, time-delayed, Duffing oscillator should be investigated analytically, and in [Luo & Jin, 2014b] , symmetric and asymmetric period-1 motions of the periodically forced Duffing oscillator with a time-delayed displacement were discussed. Herein, the analytical bifurcation trees of asymmetric period-1 motion to chaos will be investigated to the global behaviors of periodic motions in such a time-delayed oscillator.
In this paper, the analytical solutions of period-m motions in the time-delayed Duffing oscillator will be developed. The stability and bifurcation analysis of period-m motions in the time-delayed Duffing oscillator will be carried out through the eigenvalue analysis. The bifurcation trees of period-1 motion to chaos will be illustrated by the period-1 motion to period-4 motion. Numerical simulations will be performed to compare analytical and numerical solutions of period-m motions, and harmonic effects on periodic motions will be discussed through harmonic amplitude spectrums.
Analytical Solutions
Consider a time-delayed Duffing oscillator as
where x τ = x(t − τ ). Coefficients are δ for linear damping, α 1 and α 2 for linear spring and linear time-delay, γ for cubic nonlinearity, Q 0 and Ω for excitation amplitude and frequency, respectively. In Luo [2012 Luo [ , 2013 , the standard form of Eq. (1) can be written asẍ
where
In [Luo, 2012 [Luo, , 2013 , the analytical solution of period-m motion is assumed as
where a
, θ = Ωt and θ τ = Ωτ . The first and second order derivatives of x (m) * (t) and x (m)τ * (t) arė
Substitution of Eqs. (4)-(6) into Eq. (2) and averaging all terms of constant, cos(kθ/m) and sin(kθ/m) giveä
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Therefore, the constant term in the Fourier series
where the constants caused by cubic nonlinearity are
and
The cosine term in the Fourier series of
The cosine terms caused by the cubic nonlinearity are given by
with
The sine term in the Fourier series of
where the sine terms caused by the cubic nonlinearity are given by
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Define a set of new variables as
Equation (7) is rewritten aṡ
for N = 1, 2, . . . , ∞. Setting
) and
Eq. (22) becomesẏ
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The steady-state solutions for periodic motion in Eq.
(1) can be obtained by settingẏ
In [Luo, 2012 [Luo, , 2013 , the (2N + 1) nonlinear equations in Eq. (27) are solved by the Newton-Raphson method. The linearized equation at the equilibrium point
The corresponding eigenvalues are determined by
The Jacobian matrices relative to the non-delay and delay terms are given by
where the derivatives for the non-delay and delay terms are
for i = 1, 2; and N = 1, 2, . . . , ∞ with
for k = 1, 2, . . . , N. The corresponding components are
For the constant term in the Fourier series of
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For the cosine term in the Fourier series of
For the sine term in the Fourier series of
2N ),
for N = 1, 2, . . . , ∞, with
for r = 0, 1, . . . , 2N . From [Luo, 2012] , the eigenvalues of Eq. (28) are classified as
where n 1 is the total number of negative real eigenvalues, n 2 is the total number of positive real eigenvalues, n 3 is the total number of zero eigenvalues; n 4 is the total pair number of complex eigenvalues with negative real parts, n 5 is the total pair number of complex eigenvalues with positive real parts, n 6 is the total pair number of complex eigenvalues with zero real parts. The corresponding boundary between the stable and unstable solutions is given by the saddle-node bifurcation and Hopf bifurcation. To compute eigenvalue in Eq. (30), the initial guess can be adopted from the eigenvalues of the dynamical system without time-delay, and the Newton-Raphson method will be employed in Eq. (30) to compute the eigenvalue of the time-delayed system. This way is much easier than the eigenvalues assumed as λ = ±ωi (i = √ −1). Such a way with λ = ±ωi makes the computation of eigenvalues very complicated or almost impossible in higher-dimensional systems. The eigenvalues computed in this paper were verified by other techniques. For instance, the discrete mapping techniques were used, which is not presented in this paper. For lower-dimensional systems, the discrete mapping techniques give the results of eigenvalues fast. However, for higher-dimensional systems, the method used in this paper can generate eigenvalues fast.
Bifurcation Trees
The harmonic amplitudes varying with excitation frequency Ω are illustrated herein. The corresponding solution in Eq. (4) can be rewritten as
where the harmonic amplitude and phase are
For periodic motion, we have a
The system parameters are considered as randomly selected by
The acronyms "SN" and "HB" represent the saddle-node bifurcation, and Hopf bifurcation, respectively. Solid and dashed curves represent stable and unstable period-m motions, respectively. To label the branches of asymmetric periodic motions in the bifurcation trees, acronyms "B1" to "B6" are used for branch-1 to branch-6 of asymmetric periodic motions, respectively.
In Fig. 1 , the harmonic amplitude varying with excitation frequency is presented in the range of excitation frequency Ω ∈ (0, 30) for a global view of periodic motions relative to the period-1 motion of the time-delayed Duffing oscillator. In Fig. 1(a) , constant a = 0, respectively. Because the plot in the global view of period-1 motion is very crowded, the excitation frequency is broken from Ω ∈ (9.0, 28.0) in the total range Ω ∈ (0, 30) for a clear illustration of the asymmetric motion branches. The harmonic amplitude of period-m motions associated with asymmetric period-1 motions will not be labeled herein, which will be zoomed into later. The saddlenode bifurcations occur from the symmetric to asymmetric period-1 motion. For this time-delayed Duffing oscillator, such saddle-node points are Ω ≈ 6.61, 3.47 (first branch, B1), Ω ≈ 2.98, 2.26 (second branch, B2), Ω ≈ 2.04, 1.63 (third branch, B3), Ω ≈ 1.49, 1.29 (fourth branch, B4), Ω ≈ 1.16, 1.08 (fifth branch, B5) and Ω ≈ 1.00, 0.88 (sixth branch, B6). In Fig. 1(b) , the primary harmonic amplitude of the time-delayed, Duffing oscillator is presented. To illustrate symmetric motions, the excitation frequency range will not be broken. The primary harmonic amplitude of symmetric period-1 motion is similar in the traditional analysis, but the traditional analysis cannot provide such accurate frequency-amplitude curves. For this time-delayed Duffing oscillator, the saddle-node bifurcation of symmetric period-1 motion is connected with stable and unstable symmetric period-1 motions. The saddle-node bifurcation between the upper stable symmetric period-1 motion and middle unstable symmetric period-1 motions is at Ω ≈ 28.85, and the saddle-node bifurcation between the lower stable symmetric period-1 motion and middle unstable symmetric period-1 motions is at Ω ≈ 11.68. The two saddle-node points are traditionally called the jumping points at the jumping phenomena in the time-delayed Duffing oscillator. The saddlenode bifurcations between the symmetric and asymmetric motions are the same frequencies as for the constant plot in Fig. 1(a) . In Fig. 1(c) , the harmonic amplitude A 2 versus excitation frequency is presented. For the symmetric period-1 motion, we have A 2 = 0. For the asymmetric period-1 motion, we have A 2 = 0. Similarly, the harmonic amplitude A 2 for other period-m motions pertaining to the asymmetric period-1 motion will not be presented in detail. As in the constant plot, the excitation frequency range is broken to clearly illustrate the asymmetric periodic motion branches. In Fig. 1(d) , the harmonic amplitude A 3 varying with excitation frequency Ω is presented. For the low frequency, the primary and third order harmonic amplitudes have the same quality level. To illustrate the quantity level of harmonic amplitude to the symmetric motion, the excitation frequency range will not be broken. Similarly, the excitation frequency for such saddle-node bifurcations are given as stated before. To avoid abundant illustrations, harmonic amplitude A 19 versus excitation frequency is presented in Fig. 1(e) . For Ω > 10, we have A 19 < 10 −10 . 
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A. C. J. Luo & H. X. Jin For Ω near zero, A 19 ∼ (0.01, 0.1). Thus more harmonic terms in the Fourier series solution should be considered. In Fig. 1(f) , harmonic amplitude A 20 varying with excitation frequency is presented. For symmetric period-1 motion, we have A 20 = 0, and for asymmetric period-1 motion, we have A 20 = 0. For asymmetric motion, the harmonic amplitude A 20 is zoomed for Ω ∈ (0, 7). The asymmetric period-1 motions lie in the range of A 20 ∈ (10 −7 , 10 −2 ).
For a better understanding of the bifurcation trees of period-1 motions to chaos, the zoomed views for harmonic amplitudes varying with excitation frequency are arranged in Fig. 2 . Acronyms "B1" to "B6" are also employed for branch-1 to branch-6 of asymmetric periodic motions. From the asymmetric period-1 motion, one can find the bifurcation tree of period-1 motion to chaos. Herein, the bifurcation trees are presented through the asymmetric period-1 motion to period-4 motion. In fact, the six branches of bifurcation trees of period-1 motion to chaos experience similar structures. In Fig. 2(a) , the constant terms a (m) 0 (m = 1, 2, 4) varying with excitation amplitude is presented. The bifurcation tree of asymmetric period-1 motion to period-4 motion is presented through the constant versus excitation frequency. The local area is also further zoomed. The saddle-node bifurcation from symmetric period-1 to asymmetric period-1 motion is already discussed as before. The Fig. 2(b) , the harmonic amplitude A 1/4 varying with excitation frequency is presented for branch-1 (B1) and branch-2 (B2) of bifurcation trees of period-1 motions to chaos. The harmonic amplitude A 1/4 = 0 is for period-4 motion only, but A 1/4 = 0 is for period-1 and period-2 motions. The saddle-node bifurcations for period-4 motion are at Ω ≈ 2.33, 2.48 (first branch, B1) and Ω ≈ 3.63, 3.91 (second branch, B2). The Hopf bifurcations of the period-4 motion are at Ω ≈ 2.34, 2.44 (first branch, B1) and Ω ≈ 3.64, 3.89 (second branch, B2), from which period-8 motions will appear. In Fig. 2(c) , harmonic amplitude A 1/2 versus excitation frequency Ω is presented for branch-1 (B1) and branch-2 (B2) of periodic motions. A 1/2 = 0 is for period-4 motion and period-2 motion, but A 1/2 = 0 is for the period-1 motion. The saddle-node bifurcations of period-2 motion are at Ω ≈ 3.61, 4.89 (first branch, B1) and Ω ≈ 2.31, 2.56 (second branch, B2), which are the Hopf bifurcations of period-1 motions. The Hopf bifurcations of period-2 motion are at Ω ≈ 3.63, 3.91 (first branch, B1) and Ω ≈ 2.33, 2.48 (second branch, B2), which are the saddle-node bifurcations for the period-4 motion. In Fig. 2(d) , harmonic amplitude A 3/4 varying with excitation frequency is presented for branch-1 (B1) and branch-2 (B2) of bifurcation trees of period-1 motions to chaos, which is similar to harmonic amplitude A 1/4 . The bifurcation locations of excitation frequency are the same as in the harmonic amplitude A 1/4 . The primary harmonic amplitude A 1 varying with excitation frequency is presented in Fig. 2(e) . The excitation frequencies for saddle-node and Hopf bifurcations are the same as in the constant a (m = 1, 2, 4). Such primary harmonic amplitude exists for period-1, period-2 and period-4 motions because of A 1 = A 2/2 = A 4/4 . In addition, the harmonic amplitude for the symmetric period-1 motion is nonzero (A 1 = 0). However, the constant term for the symmetric period-1 motion is zero (a 0 = a (1) 0 = 0). To avoid abundant illustrations, harmonic amplitudes A k/4 (k = 5, 7, 9, . . . , 35) versus excitation frequency will not be presented. For comparison, harmonic amplitude A 3/2 varying with excitation frequency is presented in Fig. 2(f) for branch-1 (B1) and branch-2 (B2) of bifurcation trees of period-1 motion to chaos, which is similar to the harmonic amplitude A 1/2 . The bifurcation locations of excitation frequency are the same as in the harmonic amplitude A 1/2 . In Figs. 2(g)-2(i), harmonic amplitudes A 2 , A 3 , A 4 are presented, respectively. The bifurcation patterns in the bifurcation tree of period-1 motion to chaos are the same as discussed before. But the quantity levels of harmonic amplitudes for A 2 , A 3 , A 4 are very high. For Ω ∈ (3.0, 7.0), we have A 2 ∼ 3.0, A 3 ∼ 3.5 and A 4 ∼ 0.2. However, for Ω < 3.0, we have A 2 ∼ 0.5, A 3 ∼ 1 and A 4 ∼ 1. To avoid abundant illustrations, harmonic amplitude A 19 are presented in Fig. 2(j) . The quantity level of harmonic amplitude A 19 decays with excitation frequency, which is labeled by an arrow. To look into the effects on period-2 and period-4 motions, harmonic amplitudes A 77/4 , A 39/2 , A 79/4 are presented for branch-1 (B1) and branch-2 (B2) of periodic motions in Figs and A 79/4 ∼ 3 × 10 −5 and 10 −5 for two branches of bifurcation trees. The harmonic amplitude A 39/2 is similar to harmonic amplitude A 1/2 but the corresponding quantity level is A 39/2 ∼ 3 × 10 −4 and 5 × 10 −5 for two branches of bifurcation trees. Finally, harmonic amplitude A 20 for Ω ∈ (2.0, 5.2) is presented in Fig. 2(n) for two branches of bifurcation trees. The quantity levels are A 20 ∼ 5 × 10 −4 and 10 −4 for two branches of bifurcation trees. For a
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, there is a set of asymmetric solutions and bifurcation trees, and all the harmonic amplitudes will not be changed but the harmonic
). So the harmonic phases will not be presented herein.
Numerical Illustrations
To illustrate period-m motions in the time-delayed Duffing oscillator, numerical and analytical solutions of periodic motions will be presented. The stable symmetric period-1 motion, stable asymmetric period-1 motion, stable period-2 motions and stable period-4 motions are illustrated for first and second branches of bifurcation trees. The initial conditions for numerical simulations are computed from approximate analytical solutions of periodic solutions. In all plots, circular symbols gives approximate solutions, and solid curves give numerical simulation results. The time-delay, initial starting and final points are represented by D.I.S. and D.I.F., respectively. The green circular symbols are for the initial delay. The D.I.F. point is also the starting point for dynamical systems without delay. The numerical solutions of periodic motions are generated through the midpoint discrete scheme.
In Fig. 3 , a symmetric period-1 motion of the time-delayed Duffing oscillator, based on 20 harmonic terms (HB20), is presented for Ω = 7.0 with other parameters in Eq. (46). The displacement and velocity of the symmetric period-1 motion are presented in Figs. 3(a) and 3(b) , respectively. One period (T ) for the symmetric period-1 motion response is labeled in the two plots. The values for the initial time-delay are depicted by green circles. The analytical and numerical solutions match very well. The symmetric displacement and velocity are observed. The corresponding trajectory is presented for over 40 periods in Fig. 3(c) . For a better understanding of harmonic contributions, the harmonic amplitude spectrum is presented in Fig. 3(d) . The A k ∈ (10 −5 , 10 −9 ) for (k = 11, 13, . . . , 19).
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In Fig. 4 , a stable asymmetric period-1 motion of the time-delayed Duffing oscillator is presented for Ω = 6.0 with other parameters in Eq. (46). The analytical solution of this asymmetric period-1 solutions is also based on 20 harmonic terms (HB20). The displacement and velocity responses are presented in Figs. 4(a) and 4(b) , respectively. One period (T ) for the symmetric period-1 motion response is also labeled in the two plots. The values for the initial time-delay are also depicted by green circles. The analytical and numerical solutions match very well. Compared to the symmetric period-1 motion, the asymmetry of displacement and velocity are observed. The corresponding trajectory is presented for over 40 periods in Fig. 4(c) . This asymmetric period-1 motion possesses two cycles. For a better understanding of harmonic contributions, the harmonic amplitude spectrum is presented in Fig. 4(d) . For the symmetric period-1 motion, we have a 0 = 0 and A 2l = 0 with A 2l+1 = 0 (l = 1, 2, . . .). However, for the asymmetric period-1 motion, we have a 0 = 0 and A 2l = 0 with A 2l+1 = 0 (l = 1, 2, . . .). The harmonic amplitude spectrum of A k ∈ (10 −9 , 10 −3 ) for (k = 11, 12, . . . , 20) .
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Compared to the symmetric period-1 motion, more harmonic terms effect on the asymmetric period-1 motions.
From such a branch of asymmetric period-1 motion, the corresponding Hopf bifurcation of the asymmetric period-1 motion will generate a bifurcation tree to chaos. Thus, the trajectories and harmonic amplitude spectrums of period-2 and period-4 motions are presented in Fig. 5 for Ω = 4.10, and 3.90, respectively, the initial condition (x 0 , y 0 ) = (3.644607, 4.589778) is computed for Ω = 4.10 from the analytical solution, and the initial condition for Ω = 3.90 is (x 0 , y 0 ) = (3.768009, 7.827822). In Fig. 5(a) the trajectory of the stable period-2 motion is presented, and the initial timedelay inputs are depicted by the green circular symbols. The period-doubling motion of period-1 motion is observed, i.e. the trajectory of period-2 motion is observed. The trajectory of period-2 motion becomes more complicated than the period-1 motion. The corresponding amplitude spectrum for such a period-2 motion is presented in Fig. 5(b In Fig. 5 (c) the trajectory of the stable period-4 motion is presented, and the time-delay is also depicted by the green circular symbols. The trajectory of period-4 motion becomes much more complicated than the period-2 motion. The corresponding amplitude spectrum for such a period-4 motion is presented in Fig. 5 The effects of harmonic amplitudes on periodic motions are clearly presented. This bifurcation tree is asymmetric with the center on the right-hand side of y-axis. From the second bifurcation trees of asymmetric period-1 motion, the trajectories and harmonic amplitude spectrums of period-1, period-2 and period-4 motions are presented in Fig. 6 for Ω = 2.761, Ω = 2.49, and 2.45, respectively. From the analytical solution, the initial conditions for Ω = 2.761, Ω = 2.49 and Ω = 2.45 are (x 0 , y 0 ) = (1.100140, −12.815478), (x 0 , y 0 ) = (1.005765, −3.858302) and (x 0 , y 0 ) = (0.964546, −3.971407), respectively. The trajectory of the asymmetric period-1 motion is presented in Fig. 6(a) for Ω = 2.761 with over 40 periods, and the corresponding harmonic amplitude spectrum is presented in Fig. 6(b) The trajectory of the asymmetric period-1 motion at Ω = 2.761 is more complex than the asymmetric period-1 motion at Ω = 4.10. With decreasing excitation frequency, the trajectory of asymmetric period-1 motion will become more complex, as discussed in [Luo & Jin, 2014b] . Since the trajectory of asymmetric period-1 motion becomes more complex, the corresponding period-2 motions will become much more complicated. In Fig. 6(c) , the trajectory of the stable period-2 motion is presented for Ω = 2.49, and the corresponding amplitude spectrum for such a period-2 motion is presented 
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Period-m Motions to Chaos in a Periodically Forced, Duffing Oscillator in Fig. 6(d The trajectory of such a period-2 motion at Ω = 2.49 is much more complicated than the trajectory of the period-2 motion at Ω = 3.90. Further, the complexity of period-4 motions in this bifurcation can be discussed. In Fig. 6 (e) the trajectory of the stable period-4 motion is presented, and the corresponding amplitude spectrum for such a period-4 motion is presented in Fig. 6 (f) to show the harmonic effects on the period-4 motion. The main harmonic amplitudes are a This bifurcation tree is asymmetric with the center on the left-hand side of y-axis. The complex trajectory of the period-4 motion at Ω = 2.49 is observed. Similarly, the other complex trajectory of period-m motion in other bifurcation trees can be illustrated. For complex period-1 motion, one can refer to [Luo & Jin, 2014b] .
Conclusions
In this paper, the analytical solutions of period-m motions in a periodically excited, Duffing oscillator with a time-delayed displacement were obtained through the Fourier series, and the corresponding stability and bifurcation of such period-m motions were discussed through eigenvalue analysis. The analytical bifurcation trees from asymmetric period-1 motions to chaos in such a time-delayed Duffing oscillator were presented through period-1 to period-4 motions. Stable and unstable period-m motions were illustrated by numerical and analytical solutions. From this study, to obtain periodic motions in the time-delayed dynamical systems directly, the appropriate time-delay inputs (or initial conditions) in the initial time-delay interval should be computed from the analytical solutions of periodic motions.
